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betz limit experimentally and

ABSTRACT

The Betz theory expresses that no horizontal axis wind turbine can extract
more than 16/27 (59.3%) of the kinetic energy of the wind. The factor
16/27 (0.593) is known as the Betz limit. Horizontal Axis wind turbine
designers try to improve the power performance to reach the Betz limit.
Modern operational wind turbines achieve at peak 75% to 80% of the Betz
limit. In 1919, Albert Betz used an analytical method to derive the Betz
limit. He derived momentum equations of an Actuator Disc (AD) in the
stream. In this research, an experimental and a numerical setup based on
the Actuator Disc (AD) have been designed and tested to reach the Betz
limit. A Plexiglass screen with the porosity of 0.5 mimics the wind turbine
rotor. For the numerical study, a 2D flow filed is considered. The results of
both experimental and numerical methods agree well with the analytical
results of the Betz theory. From the experimental and numerical results, the
relative errors in comparison with the Betz limit (which is 16/27) are
0.16% and 1.27%, respectively. The small amount of errors shows the
possibility of reaching the Betz limit using either experimental or numerical
methods. This approach can be used for modeling ideal wind turbines, ideal
rotating devices or ideal wind farms either numerically or experimentally
and gives the maximum possible power extractions; thus, any improvement
to the performance of a system can be made by this method.
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1. Introduction

In 2017, the global installed wind turbine

of ideal and laminar flows. In 1919, Betz

capacity was increased 22 times Compared to
2001 [1]. This notable growth of power
extraction from wind energy motivates
researchers to increase the performance of
wind turbines based on the demand. Some
basic theories have been developed and
modified. Actuator Disc (AD) Theory is one
of the most famous ones. It was used by
Rankine [2] and Froude [3, 4] by assumption
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proved the impossibility of energy extraction
more than 16/27 (59.3%) of the available
wind kinetic energy based on the AD theory
[5]. Lanchester [6] and Joukowsky [7] found
the same results independently; the theory
was called Lanchester—Betz—Joukowsky
limit or briefly Betz limit. Betz assumed an
infinite number of rotor blades under an
axial and incompressible flow; also, a
uniform thrust was exerted on the disc with
no drag force. Recent operational wind
turbines can achieve 75% to 80% of the Betz
limit value at peak power generation [8].

When the power coefficient of a wind
turbine becomes close to the Betz limit
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value, the design can be identified as an ideal
design. Jiang et al. [9] by blade element
momentum (BEM) showed that in order to
reach 59.3% of the total available power, the
tip speed ratio should be infinity which is
impossible. Lellis et al. [10] suggested that
the Betz limit should hold true for any device
that harvests power through drag or torque in
a horizontal-axis rotational motion
perpendicular to the wind direction. Also,
they claimed the Betz limit is valid for
Loyd's drag power Airborne Wind Energy
(AWE) systems. All of their claims were
supported by physical principles and
mathematical formulations.

In the literature, the rotor of a wind
turbine can be replaced by a porous disc for
modeling the wind turbine pressure drop and
the wake of the rotor. One of the main
parameters for wind turbines is solidity
which can be replaced by porosity in porous
discs. Porosity is the ratio of the void space
to the total area of the disc; the solidity is the
ratio of covered or engaged space to the total
area of the disc. One can increase the blade
number to the infinity and assumes the rotor
as a porous disc. Aubrun et al. [11] measured
the coefficients of power and thrust
experimentally for the porosity range of 55%
to 70% in 2007. They made the discs from
some circular wire meshes and tested them
under a constant wind speed to study the
wake characterization of a wind turbine.
Theunissen et al. [12] analyzed an offshore
wind farm experimentally using circular
porous discs. For the shape of the porous
discs, they made some holes on the discs for
achieving the same velocity of the wake that
they expected. Sforza et al. [13] studied the
wind turbine wakes. They showed that when
the same thrust coefficients are exerted on a
real turbine and a porous disc, the wake
characteristics of both will be the same. They
used perforated discs of different porosities
to simulate a range of rotor thrust loadings.
Dighe et al. [14] studied a diffuser
augmented wind turbine by the AD
approach. They installed selected porous
discs in the middle of the diffuser. With the
porosity of 40%, they get the same thrust
coefficients of real rotors. They continued

their studies and showed the effects of
Gurney flaps on the diffuser augmented wind
turbines by using the porosity of 70% and
compared the results with those of a case
without any Gurney flap. In this research, the
porous disc was a cheap and robust tool to
analyze the effect of the Gurney flap [15].
Auburn et al. [16] compared a non-rotating
turbine model with a rotating one with the
same coefficient of thrust.

The scale of the model was about 1:300.

They measured the velocity deficit of the
wake. Lignarolo et al. [17] made a
comparison between a turbine and an AD
model using Particle Image Velocimetry
(PIV) technique. Their results were very
close in terms of power, enthalpy, and thrust.
Aloui et al. [18] used PIV and Proper
Orthogonal Decomposition (POD) methods
to investigate the wake characteristics by a
porous disc with a porosity of 55%.
Charmanski et al. [19] studied boundary
layers for a wind turbine array by using some
discs with the porosity of 51%. The porosity
value was chosen based on the drag
coefficient extracted from a real rotating
wind turbine.
In some studies in particular wind farms,
installing discs that show the minimum
energy lost are helpful. The aim of this study
is showing the possibility of achieving the
Betz limit value. To reach this ideal power
extraction device a numerical simulation and
an experimental setup are designed.

2. The Betz Limit

In order to calculate the maximum
theoretical efficiency of a thin rotor, the rotor
can be replaced by a stationary disc or an
actuator disc (AD). The disc extracts energy
from the stream passing through it. Ideal
conditions such as frictionless flows, and no
rotational velocity in the wake should be
assumed. The disc works like a drag device
that reduces the velocity. The general
momentum theory showing the performance
of the disc is [20]

Cp = _r = 4a(1 - a)?.

%pUgoAD (M
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In Eq. 1, P, p, U, and Ap are power,
density, wind velocity and disc area,
respectively. It means the coefficient of
performance (Cp) is a quadratic function of
the induction factor (a) where the induction
factor is

a= (Uoo - w) (2)
= —UOO :

In this assumption U, and U,, are the wind

speed and the wake wvelocity in the

proximity of the disc, respectively. The

maximum value of Cp is obtained from the

extremum value of the Eq. (1). That is

dc 3

—2 =4(1 - a)(1 - 3a) = 0. )

da

If= % , the maximum Cp_  is
16 — @)

Cpmax = ﬁ = 0. 592

This maximum power coefficient is the Betz

limit or the 16/27 value.

3. Experimental setup

Experiments were performed in an open-
loop wind tunnel facility at the University of
Tehran. The dimensions of the wind tunnel
nozzle exit are 0.5x 0.5 m” The tunnel can
operate at a maximum speed of 15 m/s. For
measuring the average downstream velocity

of the screens, the anemometer YK-2005AM
was used in the proximity of the disc (Fig.
1). Free-stream velocity, U, was measured
from 4 to 13 m/s with and without the screen
(disc). In total, seven cases with different
velocities have been tested.

The Plexiglass screens (discs) with the
Solidity (S) of 0.5 were cut with a laser
(£0.1 mm). Different solidities were tested.
Using a trial and error process, the solidity of
0.5 provided a good agreement with the
theory. The disc was made by long
rectangular blocks, Fig. 2, similar to the 2D
assumption of the Betz theory.

&
Anemometer probe

-

ata loooer
Wind tunnel Datgger
Fig. 1. Experimental setup located in the Fluid Mechanic Lab
of Mechanical Engineering Department, University of
Tehran.

The dimensions of the disc, the thickness and
the width of the square plexiglass screen are
equal, h=z=3mm (Fig. 3).

4

Block

Fig. 2. Parameters of the disc
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200 mm

K=

(Z=3 mm

Block

Fig. 3. Dimensions of the disc

4.Numerical Setup
4.1. Governing equations
The governing equations, continuity and

incompressible Navier-Stokes equations, in
tensor notations, are

ovi _ (5)
E)xi - ’
dv;  0(vivy) (6)

dP n azvi n 6217]' G
axl- H ax]-z axjaxl- v
where v, p, P and p denote velocity, fluid
density, mean static pressure and dynamic
viscosity, respectively. In these equations,
term G (body forces) is neglected.

D=200 mm

4.2. Geometry and mesh

For the 2D simulation of the disc, small
squares similar to Fig. 2 are used, causing a
pressure drop across the disc. Fig. 4 shows
the cross-sectional view (x-y plane) of the
screen (2D).

To get a mesh independent solution, five
different meshes, from 15000 to 100000
elements were generated. The criteria for the
mesh selection is based on the mean velocity
in the proximity of the disc. The selected
grid of 6.8x 10" elements was used. The size
of the first layer is 0.01 mm with a 1.2
growth rate and the maximum cell size of
35mm. These settings have been used to
generate unstructured grids while y+ < 8.

Fig. 4. The cross-sectional view of the AD I (2D simulation).

Cp
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4.3. Solver

For the boundary layer conditions, the inlet
(left side in Fig. 5) and the outlet (right side
in Fig. 5) are assumed velocity inlet and
pressure outlet, respectively. The upper and
bottom boundaries are considered symmetric
(Fig. 5). The inlet velocity varies from 4 to
13 m/s. The Partial Differential Equations
(Eq. 5 and Eq. 6) have been solved based on
the SIMPLE algorithm with the aid of k-®
turbulence model. The second-order upwind
spatial discretization is used. The flow is
assumed 2D, steady and incompressible. The
convergence criteria were set 10~ for all the

residuals. In the next section, for the
validation, the numerical results are
compared with the Betz theory and the
experimental results.

5.Results and discussion
5.1. Induction factor, a

Figure 6 shows the induction factor a (Eq. 2)
for different inlet velocities experimentally
and numerically. The velocities are non-

dimensional(VL, where Vo5 is 8 m/s).
ref
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&

Fig. 5. CFD solution domain and the boundary conditions
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Fig. 6. Variations of induction factor (a) versus velocity
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In Fig. 6, the average value of induction factor
from experimental and CFD results are 0.326
and 0.377, respectively. From Eq. 3, the
optimum induction factor in generating the
highest performance coefficient is 1/3.

5.2. Performance coefficient

The results of the performance coefficient (Cp)
are illustrated in Fig. 7. From Eq. 4, the
maximum value of the Cp is 16/27 (the Betz
limit). The average values of Cp are 0.5916 and
0.5850 from the experimental and CFD results,
respectively. The average deviations from the
Betz limit are 0.16% and 1.27% experimentally
and numerically, respectively. The maximum
deviations are related to low wind speeds or
low Reynolds numbers. Reynolds number is

0.65

06— - -

0.55 — -

Cp
L
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defined as Re = %, where G is the disc

dimension (Fig. 2) and u is viscosity. The low
errors show that the results from the designed
experiment setup and the numerical simulation
agree well with the Betz theory. It is possible
to reach the Betz limit value numerically and
experimentally by using proper assumptions.

5.3. Pressure drop and velocity deficit

A rotor of a wind turbine replaced by a disc
results in pressure drop and velocity deficit in
the domain. In Fig. 8, the low-velocity region
(blue color) in the downwind of the disc shows
velocity deficit. In this figure, the wind speed
is 12.6 m/s.

fffff Betz limit
4+ < < Experiments
X X XCFD

0 0.4

0.8

I
1.2 1.6

Non-dimensional Velocity
Fig. 7. Variations of Cp versus velocity

Fig. 8. Velocity contours, upstream and downstream of the disc



Mohammad Hassan Ranjbar et al. / Energy Equip. Sys. / Vol. 7/No. 3/Sep. 2019 277

Figure 9 illustrates the pressure drop in the disc
with the inlet wind speed of 8m/s. Both of
these figures agree well with the Betz theory.

6. Conclusions

An experimental setup and a numerical
simulation were designed and tested based on
the Actuator Disc, AD theory. The aim is to
reach the Betz limit. The disc was made from
Plexiglass screens. After some trial and errors,
the solidity of the disc was selected as 0.5.
SIMPLE algorithm with the aid of k-o
turbulence model was used for the numerical
solution. In numerical simulation, a line of
squares simulated the cross-section of the disc
for a 2D domain. The results from either the
experimental study or the numerical one had a
good agreement. The results also were
overlapped with the analytical results from the
Betz theory. For the low wind speeds or low
Reynolds numbers, the induction factor and the
performance coefficient deviated slightly from
the ideal wvalue in both numerical and
experimental methods. Increasing the Reynolds
number resulted in reaching the Betz limit. The
performance coefficient errors in comparison
with the Betz limit (which is 16/27) were
0.16% and 1.27% from the experimental
results and CFD results, respectively. Then, it
is possible to reach the Betz limit either
experimentally or numerically by using a thin
disc with a solidity of 0.5. This approach can
be used for modeling ideal wind turbines, ideal
rotating devices or ideal wind farms either

Pressure Coefficient

numerically or experimentally. This method
gives the maximum possible power
extractions; thus, any improvement to the
performance of a system can be made by this
method. For example, the performance of a
novel design of a wind turbine may pass the
Betz limit; with the aid of the mentioned
method, it is possible to estimate the maximum
power enrichment.
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