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ABSTRACT    

Finite-volume procedure is presented for solving the natural 
convection of the laminar 𝐴𝑙2𝑂3/𝑊𝑎𝑡𝑒𝑟 nanofluid flow in a Γ shaped 

microchannel in this article. Modified Navier-Stokes equations for 

nanofluids are the basic equations for this problem. Slip flow region, 

including the effects of velocity slip and temperature jump at the 

wall, are the main characteristics of flow in the slip flow region. 

Steady state equations were solved by using time marching method. 

In provided FORTRAN code, the finite volume method and an explicit 

fourth-order Runge–Kutta integration algorithm were applied to 

find the steady state solutions. Also an artificial compressibility 

technique was used to couple the continuity to the momentum 

equations as it is simpler and converges faster. The Grashof numbers 

from 102 to 105 were considered. The results showed that Nusselt 

number increases with the Grashof number and the parameter R 

(the ratio of minimum diameter of nanoparticles and maximum 

one).. As the parameter R increases, the distortion of the isotherm 

lines increases to some extent. 
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1. Introduction  

Fluid flow and heat transfer inside the 
microchannels play an important role in many 
engineering tools such as micro-pumps, micro-
valves and micro-sensors. On the other hand, 
advance electronic device is highly dependent 
on development of devices providing high heat 
transfer in small sizes. Nevertheless, low heat 
transfer coefficient of fluids such as water, 
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alcohol and ethylene glycol has caused a serious 
obstacle for this goal. To overcome this 
problem, increasing interest has been raised to 
study fluids heat transfer improvement. One of 
the solutions is to add solid particles to the fluid. 
Recently, numerous studies have addressed 
natural heat transfer in containers. Dagtekin and 

Oztop studied natural convection heat transfer in 
a square-shape container including two heated 
sections by means of finite volume method. 
They studied the effect of heated sections 
location and their height on heat transfer and 
fluid flow. They also used a simple method and 
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solved the equations by iteration and application 
of Tomas algorithm. They found that Nusslet 
number will increase with increase in heater 
length; but heaters location has lower impact on 
heat transfer and Nusslet number [1]. In 
contrast, addition of solid particles has been 
recognized as one of the solutions for improving 
thermal properties of base fluid. For instance, 
addition of aluminum oxide particles (mean 
diameter of 13 nm) to water with volume 
percentage of 4.3% can increase the thermal 
properties for about 30% [2]. Numerous 
experimental studies have proven that 
application of nanoparticles can significantly 
enhance the thermal properties of the fluid [3-7]. 
Zhang et al. showed that adding nanoparticles to 
water will result in increase in Nusslet number 
[8]. Arie et al. investigated the heat transfer in 
micro-dimensional heat exchanger [9]. Ebrahimi 
et al. numerically investigated heat transfer and 
fluid flow inside rectangular microchannels 
[10]. Yue et al. studied heat transfer inside a 
micro-dimensional manifold. Their results 
showed that increase in volume fraction of 
nanoparticles will lead to increase in Nusslet 
number [11]. Hedayati et al. also addressed the 
effect of nanoparticles shape on heat transfer of 
water-TiO2 inside a circular microchannel [12]. 
Zou et al. examined laminar flow of water-
ethylene glycol-Al2O3 in a thermal blade [13]. 
Yang et al. studied heat transfer in three types of 
nanofluids (water-copper, water aluminum 
oxide and water-copper oxide) in wavy 
microchannel. Their results showed that 
application of nanofluid will enhance heat 
transfer [14].  

Numerous studies have been conducted on 
microchannel and nanofluids; however, heat 
transfer and nanofluid flow inside a Γ-shape 
microchannel has not been addressed yet. On 
the other hand, generalization of the results of 
macrochannels to microchannels may give rise 
to a huge error. Therefore, this paper is aimed 
to study this problem. 

2. Problem 

In this article, nanofluid flow and natural 

convection heat transfer will be studied in a Γ-
shape microchannel filled with water-
aluminum oxide nanofluid. Fig. 1 shows a 
microchannel along with boundary conditions. 
Velocity slip and temperature jump boundary 
conditions were considered in the walls. To 
reduce the computation time, regular and 
staggered grid was used to produce grid. 

Jimson finite volume method has been widely 
used in many studies due to its simplicity [15]. 
In this study, for discretization of convection 
and viscose terms, second order finite volume 
method was applied. For explicit discretization 
of temporal terms, the fourth-order Runge–

Kutta method was employed. An artificial 

compressibility technique was used for 
association of continuity equations to 
momentum equations [16, 17]. 

 

Fig. 1. Illustration of problem with boundary 
condition. 

3. Governing Equations  

Physical properties of fluid flow can be 
controlled by three basic equations: mass, 
momentum and energy conservation equations. 

Mass conservation equation 

0
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Energy conservation equation 
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Dimensionless form of nanofluid equations 
have the following form: 

Continuity equation: 

U V
0

X Y

 
 

 
 (4) 

Momentum equation along x direction 
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Momentum equation along y direction: 
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Energy equation: 

2 2

nf

2 2

f

αθ θ θ θ θ
U V

ξ x Y α X Y

     
    

     
 (7) 

The dimensionless equations above were 
obtained by the following dimensionless 
parameters: 

f f
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Effective viscosity of a fluid containing 
spherical solid particles was defined by Jang et 
al. [18] as follows: 

   
2ε 2

p 3
eff f

d
μ μ 1 2.5Φ 1 η Φ ε 1

L

  
     

   

 (9) 

where, ε and η were considered as -0.25 and 
280 for aluminum oxide, respectively. Density: 

 nf f sρ 1 Φ ρ Φρ    (10) 

 For calculation of nanofluid thermal 
capacity, mixtures law can be employed: 

      p p pnf f s
ρc 1 Φ ρc Φ ρc    (11) 

Thermal diffusion is defined as: 
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Researchers have shown that nanofluid 
thermal conductivity is a function of thermal 
conductivity of pure fluid and nanoparticle, 
nanoparticle shape and volume percent of 
nanoparticles dispersion. Hamilton, and 

Crosser [19] first defined thermal conductivity 
equations of a fluid containing fixed suspended 
particles as: 
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Then Xu et al. [20] extended these 
equations for nanofluids: 
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C is a constant, dependent on base fluid 
properties but independent of nanoparticles 
type and properties (C is 85 for water and 280 
for ethylene glycol). Nup is the Nusslet number 
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of the fluid surrounding the spherical particles 
which was considered as 2 for water and 
aluminum oxide. d f is the molecular diameter 
of water particles which was considered as 
4.5 × 10−10m. Df is also defined as:  

f

p,min

p,max

LnΦ
D 2

d
Ln

d

 
 
  
 

 

(15) 

where dp,max and dp,min are maximum and 
minimum diameter of nanoparticle, 
respectively. 

3.1. Artificial compressibility technique 

By development of computational tools, 
computational fluid dynamics has found a more 
important role in design and analysis of the 
systems. In this regard, methods with better 
convergence rates have gained considerable 
attention. Generally, compressibility methods 
have better convergence and have less 
computational volume in comparison with 
incompressibility methods. Compressibility 
methods have been used in many cases only by 
reducing Mach number for analysis of 
incompressible flows. Reduction of Mach 
number was to reduce compressibility effects. 
Unfortunately, decrease of Mach number will 
lead to drastic loss of convergence and precision. 
For solving this problem, artificial 
compressibility method has been introduced. In 
this method, by changing the nature of Elliptical–
parabolic equations to Hyperbolic – Parabolic 
equations, it is possible to use compressible 
methods for incompressible flows. Therefore, 
artificial compressibility method is one of the 
most successful methods in simulation of 
incompressible flows [21]. In this method, a 
virtual pressure term will be added to continuity 
equation and hence, the equations of 
incompressible flow will be converted to 
hyperbolic form; therefore, ordinary methods of 
solving compressible flows can be applied. 
Virtual compressibility method is basically 
designed for steady flows; however, it was then 
modified for unsteady problems [22]. The 
continuity equation by addition of a time-
dependent term will be: 

1
0

P U V

t X Y

  
  

    
(16) 

where β is the artificial compressibility of the 
fluid. 

3.2. Boundary condition 

3.2.1. Boundary condition in macro-
dimensional channels 

 For macro-dimensional channels, no slip is 
one of the surface boundary conditions: 

0U V W    (17) 

Moreover, another boundary condition 
similar to no slip condition exists for surface 
temperature. If surface temperature is 𝑇 = 𝑇𝑤, 
the temperature of the fluid in contact with the 
surface would be also 𝑇𝑤. For a given surface 
temperature, the boundary condition of the 
fluid temperature at contact with the surface 
will be written as: 

wT T
 

(18) 

If the surface temperature is unknown or in 
other words it varies based on the heat transfer 
upon time, the boundary condition will be 
determined by Fourier law of heat conduction: 

 
  

 
w

w

T
Q k

n
 (19) 

Where n  shows the surface perpendicular 
direction 

If the thermal flux is zero, the surface will 
be called adiabatic for which the surface 
boundary condition will be defined as: 

0
w

T

n

 


   
(20) 

3.2.2. Boundary condition in 
microchannels 

The ratio of mean molecular path to the 
container specific length of microchannels is 
called Knudsen number: 

h

λ
Kn

D
  (21) 

Knudsen number is applied for 
classification of flow; if Knudsen number lies 
in the range of 0.001 ≤ Kn ≤ 0.1, then the 
flow regime is slipping. This means that the 
condition of no slip velocity and no 
temperature jump on the walls do not hold 
anymore. This condition mainly occurs in 
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microchannels [23]. The condition of slip 
velocity on the walls is as follows [24]: 

f W

2 σ U
U U λ

σ n

 
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
 (22) 

Temperature jump condition has the 
following form [25]: 

t
f W

t

2 σ 2γ λ

σ γ 1 Pr n

 
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 
 (23) 

where λ is the tangential momentum 
coefficient generally in the range of 0.87-1. 
γ value is usually considered as 1.04 [26]. In 
this study, 1 and 1.04 were considered for λ 
and γ, respectively. σt denotes thermal friction 
coefficient which varies in the range of 0.32-1 
which was considered as 1 in this study. 

3.3. Discretization of time dependent 
terms of flow equations  

Methods like Taylor method have simple 
concept. But calculation of successive 
derivations is frustrating and time consuming 
as it requires calculation of higher order 
derivatives. To avoid the need for higher order 
derivatives, Range- Kutta method can calculate 
the desired function in more points and has the 
same accuracy as Taylor method. In this 
content, fourth-order Range-Kutta method has 
high accuracy. Its general form is: 
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For example, continuity equation temporal 
terms quantization by Range Kutta method will 
result in: 
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In the above equation, the values of each kP 
will be determined by substitution in continuity  

equation: 
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3.4. Nusslet number 

Local Nusslet number of the nanofluids is 
defined as: 

nf

f

k θ
Nu

k n


 


 (31) 

where n represents the surface perpendicular 
direction. 

Local Nusslet number on vertical and 
horizontal walls can be defined as: 

nf
x

f

nf
y

f

k θ
Nu

k Y

k θ
Nu

k X


 




 



 (32) 

Mean Nusslet number of this problem can 
be obtained by integrating local Nusslet 
number on the warm walls as: 

 

h 1

y x

0 w

1
Nu   Nu Nu

h 1 w

 
  

   
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3.5. Problem solving algorithm 

Time marching method was used to solve 
Navier-Stokes and energy equations. The 

stable state equation was converted to an 
unstable one and therefore it is possible to 
virtually progress in time. To break the spatial 
terms, finite volume method was used while 
fourth-order Range-Kutta method was 
employed for temporal terms. General trend of 
problem solving is as follows: first an initial 
velocity and temperature will be guessed for all 
terms in all points. Convection and viscose 
terms will be separately broken by finite 
volume method and these initial guesses will 
be inserted in them (it must be noted that as 
mentioned before, 4th -order Range-Kutta 
method was employed). After inserting the 
initial guesses for the known values of 
velocity, temperature and pressure in time n, 
their new values for time (n+1) will be 
obtained and this trend will be continued. In 
fact, after each iteration, the obtained values of 
velocity, temperature and pressure will be 
better approximations for the stable state 
solution. 

4. Results 

4.1. Validation 

To confirm the validity of the applied 
numerical method and written code, the 
independence of meshing and comparison of 
the obtained results with the available results in 
the literature were done. The present problem 
was run for a definite situation for 4 different 
meshing (50×50, 100×100, 150×150, 200×200) 
and it was observed that the maximum 
difference of Nusslet numbers is less than 
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1.5%. Therefore, 100×100 meshing was 
selected to save time and also maintain the 
accuracy of the calculations. As mentioned 
before, no study was conducted on nanofluid 
flow in Γ-shaped microchannels; hence, to 
ensure the validity of the written code, the 
mentioned code was run for Kn=0 which 
corresponded to nanofluid flow in a Γ-shaped 
channel with ordinary dimensions. Then the 
results were compared with those in Ref. [27]; 
and it was observed that the results completely 
coincided. 

In addition, the effects of Grashof number 
variation and nanoparticles diameter non-
uniformity of nanofluid flow, isotherm lines, 
velocity field and Nusslet number will be 
investigated. 

4.2. Isothem lines 

4.2.1. Grashof number effect on isotherm 
lines 

Isotherm lines are plotted for Grashof numbers 
of 102-105 at dp=5nm and Kn=0.001(Figs. 2-4). 

  

Fig. 2. Isotherm lines for 𝐆𝐫 = 𝟏𝟎𝟐 and Kn=0.001. Fig. 3. Isotherm lines for Gr= 410  and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. 

 

Fig. 4. Isotherm lines for Gr= 510  and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. 
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As we know, heat transfer in natural 
convection phenomenon is the result of density 
gradient due to increase of temperature 
gradient. The results show that for Gr = 102, 
isotherm lines are approximately direct and 
vertical lines; in such situation, heat transfer 
between the two walls is due to convection. 
However, for Gr = 105, isotherm lines are 
compacted near the isotherm walls which is the 
result of density gradient near the walls. Heat 
transfer between the warm and cold walls is 
mainly due to convection. These results are in 
accordance with the fact that at higher Grashof 
numbers, heat transfer will be carried out 
between warm and cold walls via convection. 

4. 2. 2. Effect of nanoparticles diameter 
non-uniformity on isotherm lines 

To investigate the effect of nanoparticles 
diameter non-uniformity on different 
parameters, variable of R was defined as the 
ratio of minimum nanoparticle diameter to its 
maximum: 

p,min

p,max

d
R

d
  (34) 

Figures 5-7 show isotherm lines for 
Gr = 104, dp=5 nm, kn=0.01 and ϕ = 0.05 for 
different values of R. 

  

Fig. 5. Isotherm lines for 𝐊𝐧 = 𝟎. 𝟎𝟏, Gr=
410   ، 

𝛟 = 𝟎. 𝟎𝟓  and 𝐑 = 𝟎. 𝟎𝟎𝟏. 

Fig. 6. Isotherm lines for 𝐊𝐧 = 𝟎. 𝟎𝟏, Gr= 410   ، 
𝛟 = 𝟎. 𝟎𝟓  and 𝐑 = 𝟎. 𝟎𝟎𝟒. 

 

Fig. 7. Isotherm lines for  𝐊𝐧 = 𝟎. 𝟎𝟏, Gr= 410   ، 𝛟 = 𝟎. 𝟎𝟓  and 𝐑 = 𝟎. 𝟎𝟎𝟖. 
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As can be seen in the figures,  increase in R, 
will increase isotherm lines distortion to some 
extent. 

4. 3. Velocity vectors 

In Figs. 8 and 9, velocity vectors are shown for 
Gr = 103 and Gr = 105 in dp=5nm and 
Kn=0.001; as indicated in the figures, two 
rotational cells were created inside the 
container. The cell in the left side is larger and 
rotates anticlockwise which is mostly due to 
the effect of left-side cold vertical wall and 
right-side warm vertical wall. The right-side 
cell is smaller and rotates clockwise which is 
more under the influence of right-side cold 

vertical wall and warm horizontal wall. As can 
be observed, the rotation direction of both cells 
is from the warm to cold wall as anticipated. 

It can be seen that increase in Grashof 
number would result in larger velocity vectors. 
As increase in the Grashof number implies 
increase in bouyancy force and reinforcement 
of convection flow, increase of velocity vectors 
by enhancement of Grashof number 
completely coincides with the physical 
background of the problem. 

Given that the flow lines have more 
quantitative form in comparison with the 
velocity vectors, the flow lines will be 
investigated in more details. 

  

Fig. 8. Velocity vectors for Gr= 310 and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. Fig. 9. Velocity vectors for Gr= 510 and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. 

  

Fig. 10. Stream lines for Gr= 210 and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. Fig. 11. Stream lines for Gr= 410 and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. 
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Fig. 12. Stream lines for Gr= 510 and 𝐊𝐧 = 𝟎. 𝟎𝟎𝟏. 

4. 4. Stream lines 

4. 4. 1. Effect of Grashof number on stream 
lines 

Stream lines are plotted for Gr = 102 to 
Gr = 105 in dp=5 nm and Kn=0.001. 

As can be seen, two rotational cells were 
created inside the channel; the cell in the left 
side is larger and the one in the right side is 
smaller. Increase in Grashof number will 
increase bouyancy force and create stronger 
rotation inside the channel. 

4. 5. Effect of variation in different 
parameters on Nusslet number 

4. 5. 1. Effect of Grashof number on 
Nusslet number 

As we know, Nusslet number shows the ratio of 

convective to conductive heat transfer. Therefore, 
it is evident that Nusslet number should increase 
with increase in Grashof number, as increase in 
Grashof number will make the velocity vectors 
larger giving rise to stronger rotation inside the 
channel. Hence the contribution of convection 
heat transfer will become more highlighted. Fig. 
13 clearly shows this issue. 

4. 5. 2. Effect of R on Nusslet number 

As shown in Fig. 14, increase in R parameter 
from 0.001 to 0.008, increased Nusslet number 
by 20.1 and 15.1% in Gr = 102 and Gr = 105, 
respectively. 
 

 

Fig. 13. Effect of Grashof number on Nusslet number. 
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Fig. 14. Effect of R parameter on Nusslet number. 

5. Conclusions 

In the present study, finite-volume procedure 
was presented for solving the natural 
convection of the laminar Al2O3/Water 
nanofluid flow in a Γ shaped microchannel. 
Results showed that at low Grashof numbers, 
isotherm lines are vertical and direct while for 
higher Grashof numbers, isotherm lines are 
more compact and accumulated near the 
isotherm walls. Increase in Grashof number 
will result in larger velocity vectors. Increase 
in Grashof number will increase bouyancy 
force, giving rise to stronger rotation inside the 
channel. Increase in Grashof number will 
enhance heat transfer and Nusslet number. 
Increase in R will increase compaction and 
distortion of isotherm lines and also the heat 
transfer. 
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